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Introduction 7
Due to the significant role of nonlinear oscillation in modeling and analysis of var-8 ious systems including electrics, physics and dynamics and vibrations in mechan- 9 ics, a great attention of researchers has been attracted to investigate nonlinear 10 oscillatory systems [5, 16] . For this aim, a number of mathematical methods have 11 been presented from past to now. As examples, harmonic balance method, meth-12 ods of multiple scales, Lindstedt-Poincare method and Adomian decomposition 13 method were introduced in the past century and they are mostly based on pertur-14 bation techniques [1, 15] . In addition, in the past decade novel methods have been 15 proposed to the world dealing with the nonlinear differential equations which are 16 fairly more straightforward in analysis of such systems. Variational approach [8] , 17 energy balance method (EBM) [7] , variational iteration method [9] , Hamiltonian 18 approach [10] , Homotopy analysis method [11] and so on are as important examples
19
of the novel approaches. The classical energy balance method as one of the novel 20 methods provides proper approximation for the nonlinear problems [6, 17, 20] .
21
However, some modifications have been proposed for this method using colloca- 
First-Order EBM

34
In order to clarify the basic idea of the EBM, proposed by He [7] , the following general form of nonlinear differential equation and the corresponding initial conditions are considered:ü
where f (u) denotes a general function of including linear and nonlinear terms. Then, the variational function and the Hamiltonian of the above equation can be respectively formulated as follows:
2)
where F (u) is the integration of f (u) with respect to u. According to the first-order EBM, the first approximate solution of (2.1), can be assumed as
where ω =
2π
T denotes the unknown nonlinear natural frequency to be determined. Here, the residual function is written as
Using the classical EBM and collocation method, the location point ωt → π/4 is chosen and consequently the residual becomes
From above equation the nonlinear frequency and then the first approximation 1 for (2.1) can be obtained using first-order EBM. 
Higher-Order EBM
3
In this section, the higher-order EBM is presented. According to the basic idea of the well-known classical Harmonic Balance Method [16], the general solution for (2.1) can be expressed as the following series:
where A n are set of constants for integers n and ω shows the nonlinear oscillation frequency. It is obvious for n = 1, the approximation is as the first-order EBM discussed before. Here, we consider n = 2 for the approximate solution for higherorder EBM. Then the solution of (2.1) can be written as
where the initial conditions are
2) is substituted in the residual equation and yields
The collocation method is then employed to find the unknown parameters A 0 , A 1 and the frequency ω. Accordingly, two location points ωt → π/6 and ωt → π/3 are used and consequently the residuals are as follows
and
Finally, from above equations and also (3.3), the unknown parameters and the 1 nonlinear frequency can be obtained after mathematical calculations. In this section, we investigate a nonlinear equation with non-polynomial elastic terms which can be found in planar dynamic systems [20] . The proposed system with fractional elastic force is
Here, the variational form and Hamiltonian of the corresponding equation are constructed as As it is obvious from the frequency values presented in Table 1 and the time response 
From the classical EBM, it is found that:
. (4.11) Here for higher-order EBM, the residuals are obtained as 
Consequently solving (4.12), (4.13) and using the initial conditions, unknown parameters are found like previous sections. The exact frequency is given by [18] :
(4.14)
Similarly for above system the new method presents here reaches better agree-1 ment with the exact solutions as seen in Fig. 2 . The approximate error between the 2 exact and analytical method is 0.35% which is negligible however for the first-order 3 EBM is 2.33% which represents higher accuracy of our solution procedure. where is constant. The variational form and Hamiltonian of above equation are
From the first-order EBM, the nonlinear frequency obtained as [19] :
Using the solution procedure proposed for higher-order EBM, the following algebraic equations are obtained:
Similarly from above equations and also the initial conditions A 0 , A 1 and the frequency ω can be computed. The exact frequency obtained by the following integration
We can also extend our solution procedure to the generalized Duffing equation
For this equation the variational and Hamiltonian forms are written as
Response of the proposed equation using classical EBM has been obtained before [19] . Here by employing the higher-order EBM, the governing equations 
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of the residuals can be found as follows this value is 0.77% for the system with pure cubic nonlinearity. 
Conclusion
8
In this paper, higher-order energy balance method was discussed for finding approx- further accurate approximations for aforementioned systems in a simple form.
